We investigate the performance of T2HK in the presence of a light eV scale sterile neutrino. We study in detail its influence in resolving fundamental issues like mass hierarchy, CP-violation (CPV) induced by the standard CP-phase δ 13 and new CP-phase δ 14 , and the octant ambiguity of θ 23 . We show for the first time in detail that due to the impressive energy reconstruction capabilities of T2HK, the available spectral information plays an important role to enhance the mass hierarchy discovery reach of this experiment in 3ν framework and also to keep it almost intact even in 4ν scheme. This feature is also of the utmost importance in establishing the CPV due to δ 14 . As far as the sensitivity to CPV due to δ 13 is concerned, it does not change much going from 3ν to 4ν case. We also examine the reconstruction capability of the two phases δ 13 and δ 14 , and find that the typical 1σ uncertainty on δ 13 (δ 14 ) in T2HK is ∼ 15 0 (30 0 ). While determining the octant of θ 23 , we face a complete loss of sensitivity for unfavorable combinations of unknown δ 13 and δ 14 .
Introduction and Motivation
Sterile neutrinos, neutral singlets of the SU(2) L weak isospin group, are perhaps the simplest extension of the Standard Model. Intriguingly, a series of anomalies detected at the short baseline (SBL) experiments, support the existence of one or more sterile states (see [1] [2] [3] for a review of the topic) at the scale of ∼ 1 eV.
New SBL experiments will be able to test such a hypothesis (see the review in [4] ) seeking the typical L/E pattern induced by the oscillations driven by the new mass-squared splitting(s) ∆m 2 new ∼ 1 eV 2 . However, after a hypothetical discovery, the complete mapping of the parameters regulating the oscillation process would require other kinds of experiments. In fact, even in the simplest scenario, the so called 3+1 scheme, where only one sterile state participates to the oscillations, there are three new mixing angles and two new CP violating phases in addition to the standard 3-flavor parameters.
The CP phases (both standard and non-standard) can be observed solely through interference effects between two distinct oscillation frequencies. In the 3+1 scheme, at SBL setups, only one frequency is observable (the new one) while the atmospheric and solar frequencies are basically invisible. This drastically suppresses the amplitude of any interference effect, and, as a consequence, the SBL experiments are completely blind to the CP violation phases.
As first shown in [5] , the situation is qualitatively different at the long baseline (LBL) experiments, because in these setups the interference between two distinct frequencies shows up. In this way the LBL experiments acquire sensitivity both to the standard CP phase and to the new ones. Therefore, the LBL setups have a complementary role to the SBL experiments in the searches for the sterile neutrino properties.
The next-generation LBL neutrino oscillation experiments [6] [7] [8] [9] [10] , would naturally play a crucial role in this arena. In the present work, we focus on the proposed experiment Tokai to Hyper Kamiokande (T2HK), which will make use of a very powerful neutrino beam shot from Tokai to Kamioka over a distance of 295 km. Our work complements other recent studies performed about DUNE [11] [12] [13] [14] [15] and T2HK [15] [16] [17] [18] . Previous studies on sterile neutrinos at LBL experiments can be found in [19] [20] [21] [22] [23] [24] [25] [26] [27] .
The paper is organized as follows. In section 2, we present the theoretical framework and discuss the behavior of the 4-flavor ν µ → ν e conversion probability. In section 3, we describe the details of the T2HK setup and of the numerical analysis. In section 4, we present the sensitivity study of the mass hierarchy. Section 5 deals with the CPV discovery potential and the reconstruction capability of the CP phases. Section 6 is devoted to the assessment of the capability of reconstructing the octant of θ 23 . Finally, we draw our conclusions in section 7.
2 Transition probability in the 3+1 scheme
Theoretical framework
In the 3+1 scheme, the four flavor eigenstates (ν e , ν µ , ν τ , ν s ) are related to the mass eigenstates (ν 1 , ν 2 , ν 3 , ν 4 ) through a 4 × 4 unitary matrix, which can be written in the following fashion U =R 34 R 24R14 R 23R13 R 12 , (2.1)
where R ij (R ij ) is a real (complex) 4 × 4 rotation matrix with a mixing angle θ ij and containing the 2 × 2 submatrix 2) in the (i, j) sub-block with c ij ≡ cos θ ij , s ij ≡ sin θ ij ,s ij ≡ s ij e −iδ ij .
3)
The parameterization adopted in Eq. (2.1) has several merits: i) In the limiting case in which there is no mixing of the active states with the sterile one (θ 14 = θ 24 = θ 34 = 0), it gives back the 3-flavor matrix in its usual parameterization. , with a transparent physical interpretation of the new mixing angles. iii) The leftmost positioning of the rotation matrixR 34 makes the vacuum ν µ → ν e transition probability independent of θ 34 and of the associated CP phase δ 34 (see [5] ).
Transition probability
For the T2HK baseline (295 km), matter effects are not significant. Therefore, we can restrict our analytical discussion to the vacuum case. As discussed in [5] , the ν µ → ν e transition probability can be expressed as the sum of three terms
The first term is controlled by the atmospheric mass-squared splitting and acts as the leading contributor to the conversion probability. We can write this positive-definite term in the following way From the previous three expressions, we see that the conversion probability depends on three small mixing angles: θ 13 , θ 14 , and θ 24 . Interesting to note that the best estimates of these three mixing angles (determined in the 3-flavor framework [28] [29] [30] for θ 13 , and in the 3+1 scheme [31] [32] [33] for θ 14 and θ 24 ) are quite similar and we have s 13 ∼ s 14 ∼ s 24 ∼ 0. 15  (see table 1 ). Therefore, it makes perfect sense to treat these three mixing angles θ 13 , θ 14 , and θ 24 as small quantities having the same order . Conversely, the ratio of the solar over the atmospheric mass-squared splitting, α ≡ ∆m 2 21 /∆m 2
31
± 0.03 turns out to be of order 2 . From Eqs. (2.5)-(2.7), we see that the first (leading) term is of the second order in , while both the second and third (subleading) interference terms are of the third order in . Hence, the sizes of the two interference terms are expected to be similar.
Details of the numerical analysis

T2HK setup
The main objective of the long-baseline neutrino program at the proposed Hyper-Kamiokande (HK) detector with an intense neutrino beam from the J-PARC proton synchrotron is to provide a conclusive evidence for leptonic CP-violation in neutrino oscillations induced by an irreducible phase δ 13 in the three-flavor neutrino mixing matrix. This setup is commonly known as "T2HK" (Tokai to Hyper-Kamiokande) experiment [34] [35] [36] . To estimate the physics reach of this setup, we closely follow the experimental configurations as described in Ref. [35, 36] . The neutrino beam for HK will be produced at J-PARC from the collision of 30 GeV protons with a graphite target. In our simulation, we consider an integrated proton beam power of 7.5 MW × 10 7 seconds, which can deliver in total 15.6 × 10 21 protons on target (p.o.t.) with a 30 GeV proton beam. We assume that the T2HK experiment would use 25% of its full exposure in the neutrino mode which is 3.9 × 10 21 p.o.t. and the remaining 75% (11.7 × 10 21 p.o.t.) would be utilized during antineutrino run. In this way, we make sure that we have nearly equal statistics in both neutrino and antineutrino modes to optimize the search for leptonic CP-violation. These neutrinos and antineutrinos will be observed in the gigantic 560 kt (fiducial) HK water Cherenkov detector in the Tochibora mine, located 8 km south of Super-Kamiokande and 295 km away from J-PARC. The neutrino beamline from J-PARC is designed to accommodate an off-axis angle of ∼ 2.5 • at the proposed HK site and therefore, the beam peaks sharply at the first oscillation maximum of 0.6 GeV to enhance the physics sensitivity. This off-axis scheme [37] produces a neutrino beam with a narrow energy spectrum which substantially reduces the intrinsic ν e contamination in the beam and also the background which stems from neutral current events. Therefore, the signal-to-background ratio gets improved significantly. In our analysis, we consider the reconstructed neutrino and antineutrino energy range of 0.1 GeV to 1.25 GeV for the appearance channel. In case of disappearance channel, the assumed energy range is 0.1 GeV to 7 GeV for both the ν µ andν µ candidate events. We match all the signal and background event numbers following table 19 and 20 of ref. [35] . The systematic uncertainties play an important role in estimating the physics sensitivity of the T2HK setup. Following table 21 of ref. [35] , we consider an uncorrelated normalization uncertainty of 3.5% for both appearance and disappearance channels in neutrino mode. In case of antineutrino run, the uncorrelated normalization uncertainties are 6% and 4.5% for appearance and disappearance channels respectively, and also, they do not have any correlation with appearance and disappearance channels in neutrino mode. We assume an uncorrelated 10% normalization uncertainty on background for both appearance and disappearance channels in neutrino and antineutrino modes. With all these assumptions on the T2HK setup, we manage to reproduce all the sensitivity results which are given in ref. [35] . Here, we would like to mention that according to the latest report by the HyperKamiokande Proto-Collaboration [38] , the total beam exposure is 27 × 10 21 p.o.t. and the fiducial mass for the proposed HK detector is 374 kt. Comparing the exposures in terms of (kt × p.o.t.), we see that our exposure is 1.156 times smaller than the exposure that has been considered in ref. [38] . But, certainly, the results presented in this work would not change much and the conclusions drawn based on these results would remain valid even if we consider the new exposure as reported in ref. [38] .
Statistical Method
In this section, we briefly describe the numerical technique and analysis procedure that we adopt to produce our sensitivity results. To compute the experimental sensitivities, we rely on the well-known GLoBES software [39, 40] tions. We make appropriate changes in the ν µ → ν e and ν µ → ν µ transition probabilities to incorporate the 3+1 scheme with one light eV-scale sterile neutrino. We do the same for antineutrino as well. We observe that for the small values of mixing angles θ 14 and θ 24 considered in the present work (see table 1), the 4-flavor ν µ → ν µ disappearance probability is very similar to the 3ν case, which agrees with the findings in ref. [5] . In this paper, the strategy that we adopt for the statistical treatment, is exactly similar to what have been discussed in section 4 of ref. [41] . Table 1 depicts the true values of the oscillation parameters and their marginalization ranges which we consider in our simulation. Our benchmark choices for the three-flavor neutrino oscillations parameters are in close agreement with the values obtained in the recent global fit studies [28] [29] [30] . As far as the atmospheric mixing angle is concerned, we consider maximal mixing 1 (45 • ) as the true choice, and in the fit, we marginalize over the range given in table 1. We keep θ 13 fixed in the fit because we have already achieved very good precision on this parameter, and the Daya Bay experiment is going to improve the precision on θ 13 further by the end of its run [42] . The proposed T2HK experiment is also very sensitive to this parameter and will be able to restrict θ 13 in a narrow range in the fit, minimizing its impact in marginalization.
As far as ∆m 2 31 is concerned, we have already achieved a very good precision (∼ 2%) on this parameter. Also, T2HK will accumulate huge amount of disappearance events (governed by ν µ → ν µ oscillation channel), and therefore, it will be highly sensitive to the value of ∆m 2 31 , and will be able to measure it with very high precision. Moreover, the proposed JUNO experiment has the potential to significantly improve our measurements of θ 12 , ∆m 2 21 , and ∆m 2 31 to a precision of less than 1% [43] . For all these reasons, we keep the value of ∆m 2 31 fixed in the fit. We present all the sensitivity results assuming normal hierarchy 2 (NH) as the true choice. For the CP-violation searches and the reconstruction of the CP phases, we show our results with and without marginalizing over both the choices of hierarchy in the fit, which enable us to see how much the sensitivities can be deteriorated due to the possible degeneracies between sgn(∆m 2 31 ) and CP phases. While showing the results for the octant measurement of θ 23 , we marginalize over both the choices of hierarchy in the fit. This issue of hierarchy marginalization in the fit becomes irrelevant in case of the mass hierarchy discovery studies where our aim is to exclude the wrong hierarchy in the fit. The true value of δ 13 is varied in its allowed range of [−π, π], and it has been marginalized over its full range in the fit if the analysis demands so. Following the Preliminary Reference Earth Model (PREM) [44] , we take the line-averaged constant Earth matter density of 2.8 g/cm 3 for the T2HK baseline.
In our simulation, we consider the new mass-squared splitting ∆m 2 41 to be 1 eV 2 as preferred by the recent short-baseline data. Here, we would like to mention that our sensitivity results would remain the same for other values of this parameter, provided that ∆m 2 41 0.1 eV 2 . The rapid oscillations induced by such large values of ∆m 2 41 get completely averaged because of the finite resolution of the detector. Due to the same reason, the T2HK setup is insensitive to the sign of ∆m 2 41 and we can safely assume it to be positive. As far as the active-sterile mixing angles are concerned, we take the true values of 0.025 for both sin 2 θ 14 and sin 2 θ 24 . Our choices for these new mixing angles are quite close to the best-fit values obtained by the global 3+1 fits [31] [32] [33] . Needless to mention that one requires a huge amount of computational resources to marginalize over these new mixing angles in their present allowed ranges in the fit along with all the CP phases. In light of the limited computational resources that we have at present, we decide to keep the values of these new mixing angles fixed at their true values in the fit, and we devote our computational power more towards the CP phases, which long-baseline experiments can only probe. We vary the true value of δ 14 in its allowed range of [−π, π] and it has been marginalized over its full range in the fit as required. We consider θ 34 = 0 and δ 34 = 0 in our simulations 3 .
In our analysis, we do not explicitly simulate the near detector of T2HK which may provide some information regarding θ 14 and θ 24 , but surely, the near detector data is blind to the CP phases which we want to explore in this work. While producing our sensitivity results, we perform a full spectral analysis using the binned events spectra for the T2HK setup. Following refs. [45, 46] , we use the well-known "pull" method to marginalize the Poissonian ∆χ 2 over the uncorrelated systematic uncertainties. We quote the statistical significance 4 of our results for 1 d.o.f. in terms of nσ, where n = ∆χ 2 . 4 Mass hierarchy discovery potential in the 3+1 scheme
In this section, we treat the sensitivity of T2HK to the neutrino mass hierarchy. First of all we provide a discussion at the level of the electron neutrino events making use of the bievents plots. Then, we present the results of the full analysis. The left panel of Fig. 1 , represents the bi-event plots where the two axes report the number of ν e (x-axis) andν e (y-axis) events. The two ellipses correspond to the 3-flavor case and are obtained varying the CP phase δ 13 in the range [−π, π]. The solid (dashed) ellipse refers to the NH (IH). The offset between the two ellipses is a direct consequence of matter effects, which act in opposite directions in the transition probability for the two cases of NH and IH. This offset confers to the experiments T2HK some sensitivity to the mass hierarchy. However, differently from DUNE (where matter effects are stronger), the separation of the two ellipses is not complete and one expects that the MH discovery potential is limited. In the 3+1 scheme, there are two CP phases and their variation in the range [−π, π] gives much more freedom. The scatter plots obtained varying the CP phases δ 13 and δ 14 are superimposed to the 3-flavor ellipses in the left panel Fig. 1 . Despite the larger parameter freedom, we can observe that the separation of two blobs corresponding to NH and IH remains similar to that of the 3-flavor ellipses. Therefore, we expect that the discovery potential of the MH in the 3+1 scheme will suffer only a mild deterioration with respect to the 3-flavor case.
In the right panel of Fig. 1 , we plot the MH discovery potential as a function of the true value of δ 13 . We define the discovery potential as the statistical significance at which the wrong test hierarchy is rejected given a data set which is generated with the true hierarchy. Let us consider first the 3-flavor scenario. In this case the sensitivity to the MH (for NH as the true hierarchy choice) is represented by a black dashed line. Such a curve is obtained by marginalizing the test value of δ 13 in the range [−π, π] and θ 23 (test) within the 3σ range allowed by the global analyses [28] [29] [30] . Although such a 3-flavor MH sensitivity curve has been already shown in several previous works [17, 38, [51] [52] [53] [54] [55] [56] [57] [58] , its behavior deserves some clarification. In fact, on the basis of the bivents plot on the left panel one would expect maximal sensitivity for δ 13 = −90 0 , since the distance of the representative point on the (solid) NH ellipse (right lower point) has maximal distance from the IH ellipse. While this elementary feature is confirmed by the right panel Fig. 1 , which presents a pronounced maximum (∼ 5σ) for δ 13 −90 0 , the same figure also shows something unexpected. Quite surprisingly a good sensitivity (∼ 4σ) appears also for δ 13 90 0 . However, for such a value of δ 13 , the bievents plot (see the ellipses in the left panel) shows that the distance of the representative point on the solid NH ellipse (left upper point) from the (dashed) IH ellipse is very close to zero. This is a well known fact (known as δ 13 -MH degeneracy) which is supposed to reduce to zero the sensitivity to the MH. So the question arises where does the 4σ sensitivity found in the right panel Fig. 1 for δ 13 = 90 0 come from. The answer is that although the number of events cannot distinguish NH from IH for δ 13 = 90 0 , the full energy spectrum can. In Fig. 2 we elucidate this fact by showing, for the 3-flavor case, the neutrino (left panel) and antineutrino (right panel) spectra for the two choices (NH, δ 13 = 90 0 ) and (IH, δ 13 = 22 0 ), which correspond approximately to a common point in the 3-flavor bievents plot (i.e. equal number of neutrino and antineutrino events). Figure 2 clearly shows that the two spectra are different and therefore the spectral information provides sensitivity to the MH discrimination. Therefore, we conclude that the spectral information has a crucial role in the sensitivity to the MH and is able to break the δ 13 -MH degeneracy for a wide range of the values of δ 13 around 90 0 . Unfortunately, for values of δ 13 around 45 0 and 180 0 , the spectral information is less effcetive and the sensitivity does not surpass the 2σ level. As far as we know, the role of the spectral information in the MH discrimination in T2HK has not been discussed before in the literature.
In the 3+1 scheme (green band in the right panel of Fig. 1 ), in addition to δ 13 and θ 23 , the marginalization is carried out over the CP phase δ 14 . We have taken θ 14 = θ 24 = 9 0 both in data and fit. The spread of the band is due to the variation of the true value of δ 14 in its entire range of [−π, π]. We observe that the qualitative behavior of the 3+1 band follows that of the 3-flavor case, and as expected, there is only a mild deterioration of the MH discovery potential. Also in this case the spectral information plays an important role in the MH discrimination. We can conclude that although the MH discovery potential of T2HK is quite limited 5 it is rather robust with respect to the perturbations induced by a 5 Although T2HK has a limited sensitivity to the mass hierarchy, Hyper-Kamiokande (HK) can settle this issue using the atmospheric neutrinos at more than 3σ C.L. for both NH and IH provided that sin 2 θ23 > 0.45 [59] . Combining beam and atmospheric neutrinos in HK, the mass hierarchy can be determined at more than 3σ (5σ) with five (ten) years of data [59] . light sterile neutrino species.
CP-violation searches in the 3+1 scheme
In this section, we analyze the capability of T2HK of nailing down the enlarged CPV sector implied by the 3+1 scheme. Before showing the full numerical results we present a discussion at the level of bievents plots, which will serve as a valid guide to understand the results of the full simulations. As a first step we assess the sensitivity to the CPV induced by the CP phase δ 13 in the 3-flavor framework. As a second step we show how the sensitivity to the CPV induced by δ 13 changes in the 3+1 scheme. As a third step, we investigate the sensitivity to the non-standard CP phase δ 14 (which appears only in the 3+1 scheme). Throughout the discussion, for the first time in the literature, we evidence the essential role of the energy spectrum in providing a minimal guaranteed sensitivity to the CPV induced by the new phase δ 14 . Finally, we discuss the capability of reconstructing the true values of the two phases δ 13 and δ 14 .
CP-violation discovery potential
The sensitivity of CPV induced by a given (true) value of a CP phase δ true ij is defined as the statistical significance at which one can exclude the test hypothesis of no CPV, i.e. In all panels we have assumed NH for definiteness. In the standard 3-flavor scenario (left panel) there is only one (true) CP-phase (δ true 13 ), which is the running parameter over the green ellipse in the range [−π, π]. The two (inequivalent) CP conserving test points (δ test 13 = 0, π) are indicated with a triangle and a circle. We also indicate two points of the ellipse corresponding to maximal CP violation (δ true 13 = −π/2, π/2) with a star and a black club. According to the definition of the sensitivity given at the beginning of this subsection, the non-zero distance between any of the two (maximally) CP violating (true) points from both the CP conserving (test) points, guarantees that, in the 3-flavor scheme, events counting is sensitive to CPV induced by δ 13 . The central panel of Fig. 3 concerns the 3+1 scheme and is meant to illustrate the sensitivity to CPV induced by δ 13 in such an enlarged scheme. We recall that in the 3+1 scheme a given value of δ 13 corresponds to an ellipse, whose running parameter is the other phase δ 14 in its range [−π, π] (for a detailed study of the properties of the 3+1 ellipses see [41] ). The central panel reports four ellipses of which two (the black ones) correspond to the (inequivalent) CP conserving test cases (δ test 13 = 0, π) and the other two (the colored ones) represent maximal CP violation (δ true 13 = −π/2, π/2). In the 3+1 scheme, in order to decide if there is sensitivity to CPV (induced by δ 13 ) one has to look at the minimal distance between a generic point lying on one of the two colored ellipses (this point will correspond to a generic value of δ true 14 ) from the two black ellipses (where δ test 14 runs in the range [−π, π]). From the plot, we see that the major axes of the four ellipses are almost parallel, and as a consequence whatever is the point chosen on the colored ellipses (i.e., the value of δ true 14 ), its distance from the black ellipses is always non-zero. Also, me may observe that the minimal distance between colored and black ellipses is very similar (just slightly lower because the ellipses are not exactly parallel) to that found in the 3-flavor scheme between the CP violating cases (star, black club) and the CP conserving ones (triangle and circle). Therefore, we expect that in the 3+1 scheme, the sensitivity to CPV induced by δ 13 will be only slightly lower than that achieved in the standard 3-flavor scenario. Finally, the right panel of Fig. 3 illustrates the sensitivity to the CPV induced by δ 14 . In this case the four ellipses correspond to four fixed values of δ 14 (while δ 13 is varying in the range [−π, π]). Differently form the central panel, now the four ellipses have a completely different behavior. In particular, the two test CP conserving black ellipses (δ test 14 = 0, π) are almost circular, while the two colored ellipses corresponding to maximal CP violation (δ true 14 = −π/2, π/2) are almost degenerate with a line and are orthogonal to each other (this behavior was already found and discussed in [41] ). As a result, the distance of a generic point located on one of the two colored ellipses (which will have a generic value of δ true 13 ) from the two black ellipses is not necessarily bigger than zero. In fact, each colored ellipse crosses a black ellipse in four points. Each of the crossing points between a colored ellipse and a black one will correspond to a particular pair of values of the two phases (δ true 13 , δ test 13 ). In such points the numbers of neutrino and antineutrino events are identical for maximal CPV and no CPV induced by δ 14 and, as a consequence, events counting is completely insensitive to the CPV induced by δ 14 . We have checked that such "unlucky pairs" approximately correspond to the sixteen possible combinations in couples of the four values δ 13 = (−135 0 , −45 0 , 45 0 , 135 0 ). 6 In Fig. 4 , we report the discovery potential of CPV induced by δ 13 . In the left panel we have assumed that the hierarchy is known a priori and is NH. In the right panel we assume no a priori knowledge of the hierarchy generating the data with NH as the true choice and marginalizing over the two hierarchies. In this last case, the task of the experiment is more difficult because it has to identify both CPV and the MH. In both the panels, the black dashed curves correspond to the 3-flavor scenario and the green band to the 3+1 scheme. In the 3+1 scenario, we fix the true and test values of θ 14 and θ 24 to be 9 0 . In both the panels, the green bands are obtained by varying the unknown true value of δ 14 in the range of [−π, π] while marginalizing over its test value in the same range. In the left panel two maxima are present around δ 13 ∼ ± 90 0 . In the right panel the height of the second maximum around δ 13 ∼ 90 0 is drastically reduced as a result of the degeneracy between MH and the CP phase δ 13 . Finally, we observe that the deterioration found in the 3+1 scheme is mild in agreement with the discussion made at the bievents level.
In Fig. 5 , we display the discovery potential of CPV induced by δ 14 . Like in the 6 Note that in twelve of the sixteen combinations δ true 13
is much different from δ test 13 . Hence a prior determination of δ13 with a good precision, imposing δ Based on the discussion made at the bievents level one should expect that for unlucky values of (δ true 13 , δ test 13 ) the sensitivity drops to zero. In contrast, the left panel of Fig. 5 shows that there is a guaranteed minimal sensitivity, which for the maximally CPV cases δ true 14 = ±90 0 is roughly 3.5σ. This means that even in the unlucky cases of complete degeneracy at the level of the total (neutrino and antineutrino) events between the case of maximal CPV and that of no CPV, a residual sensitivity is provided by the energy spectral information. In Fig. 6 we elucidate this fact by showing the neutrino (left panel) and antineutrino (right panel) spectra for two cases that are degenerate at the events level. The first one corresponds to maximal CPV induced by δ 14 (δ 14 = −90 0 , δ 13 = 134 0 ) and the second one to no CPV induced by the same phase (δ 14 = 0, δ 13 = 139 0 ). This choice of the phases correspond to one of the sixteen crossing points in the bievents plot in the right panel of Fig. 3 (therein indicated by a cyan star). Figure 6 clearly shows that, although the number of (both neutrino and antineutrino) events is identical, the two spectra are different and therefore they provide some sensitivity to the CPV induced by δ 14 . As far as we know, the role of the spectral information in the CPV induced by the new CP phase δ 14 has not been discussed before in the literature. Finally, we note that, there is a deterioration of the discovery potential to CPV induced by δ 14 when going from the left panel (known hierarchy) to the right panel (unknown hierarchy) of Fig. 5 . Also in this case, the spectral information guarantees a minimal degree of sensitivity, which for the maximally CPV cases δ true 14 = ±90 0 is roughly 2.5σ.
Reconstruction of the CP phases
Until now, we have focused on the discovery potential of the CPV generated by the two CP phases δ 13 and δ 14 . Here, we investigate the capability of reconstructing the true values of the two CP phases. With this purpose we consider the four benchmark cases displayed in Fig. 7 . We see however that spurious islands appear in three of the four cases considered. In first panel an island appears around (δ 13 , δ 14 ) = (−150 0 , −150 0 ), in the second panel around 7 (δ 13 , δ 14 ) = (−45 0 , −45 0 ), in the 7 We recall that both δ13 and δ14 are cyclic variables, therefore the four corners in the second panel of fourth panel around (δ 13 , δ 14 ) = (150 0 , 150 0 ). This misreconstruction is imputable to the well known degeneracy between δ 13 and sgn(∆m 2 31 ). The combination of phases chosen for the third panel seems to be the most favorable one (no misreconstructed islands). This happens because in such a case the difference in the number of events for NH and IH is more pronounced and therefore there is a better discrimination of the MH (see the discussion in [41] ). We have explicitly checked that if the MH is supposed to be known a priori (i.e. it is fixed and not marginalized in the fit), the spurious islands disappears in all cases. Therefore, our results show that in T2HK in order to have good reconstruction capabilities of the two CP phases, one needs the prior knowledge of the mass hierarchy.
We close this section by performing a comparison of the CP-phase reconstruction potential of three different experimental setups 8 : T2K+NOνA, DUNE and T2HK. In Fig. 8 we plot the reconstructed regions obtained by these three setups for the same benchmark values of the true phases chosen in Fig. 7 . For visual clearness we report only the 3σ contours. The plots clearly show that there is huge gain when going from T2K+NOνA to the new generation experiments DUNE and T2HK. Concerning these two last experiments, the figure shows that T2HK is slightly more precise than DUNE in reconstructing the region around the true values CP phases. However, while in T2HK there are small spurious islands, this does not happen in DUNE. This different behavior is rooted in the fact that the degeneracy between δ 13 and sgn(∆m 2 31 ) is less pronounced in DUNE. This, in turn, happens because DUNE can neatly separate the two hierarchies thanks to the larger matter effects.
respectively [41] and [60] . In the 3ν case, we marginalize away (θ 23 , δ 13 ) (test). In the 3+1 case, in addition, we marginalize away also δ 14 (true) and δ 14 (test) fixing θ 14 = θ 24 = 9 0 .
6 Sensitivity to the octant of θ 23
The latest global fits of neutrino data indicate a preference for non-maximal θ 23 with two nearly degenerate solutions, one in the lower octant (θ 23 < π/4), and the other in the higher octant (θ 23 > π/4). The resolution of this octant ambiguity is a crucial target of nextgeneration LBL experiments. In a recent work [61] it was shown that in the 3+1 scheme the sensitivity of the future LBL experiment DUNE to the the θ 23 octant can be deteriorated in a drastic way. Here we perform a similar analysis to check if the same conclusion holds for T2HK. Figure 9 displays the discovery potential for identifying the true octant in the plane [δ 13 , sin 2 θ 23 ] (true) assuming NH as true choice. The left (right) panel represents the results obtained in 3ν (3+1) scheme. In the 3+1 case we marginalized over the CP phase δ 14 (true) (in addition to all the test parameters) since such a phase is unknown. Hence, the outcome of this procedure provides the minimal guaranteed sensitivity. The three contours correspond, respectively, to 2σ, 3σ and 4σ confidence levels (1 d.o.f.). The comparison of the two panels neatly shows that in the 3+1 scheme no minimal sensitivity is guaranteed in the entire plane. We have checked that similar results are valid also in the case of IH as true MH. Hence, we confirm that also in T2HK, like in DUNE, the identification of the octant of θ 23 is problematic when one works in the enlarged 3+1 framework.
Conclusions and Outlook
We have investigated the capability of T2HK to provide information on the mass hierarchy, the CP phases, and the octant of θ 23 , in the presence of one light sterile neutrino species. Working in 3+1 scheme, we have found that the discovery potential of the mass hierarchy is rather robust with respect to the perturbations induced by the sterile species. We have also found that the discovery potential of CPV induced by the standard CP phase δ 13 gets only slightly deteriorated compared to the standard 3ν case. In particular, the maximal sensitivity (reached around δ 13 ∼ ± 90 0 ) decreases from 8σ to 7σ if the amplitude of the two new mixing angles θ 14 and θ 24 is close to that of θ 13 . The sensitivity to the CPV due to δ 14 can reach 5σ but is below 3σ for most of the true values of such a phase. We have also investigated the reconstruction capability of the two phases δ 13 and δ 14 . The typical 1σ uncertainty on δ 13 (δ 14 ) is ∼ 15 0 (30 0 ). Finally, we have assessed the sensitivity to the octant of θ 23 . We have found that in T2HK there can be a complete loss of sensitivity for unlucky values of the two CP phases δ 13 and δ 14 . We highlighted, for the first time in the literature, the crucial role of the spectral energy shape information in improving the sensitivity both to the mass hierarchy and to CPV induced by the new CP-phase δ 14 . Notably, we have shown that events counting, for unlucky values of the CP-phase δ 13 , may be completely insensitive to CPV induced by the new CP-phase δ 14 , and that an appreciable sensitivity can be guaranteed only by the energy spectral information. We hope that our present study to look for a light sterile neutrino in T2HK will be a useful addition to the list of important physics topics which can be addressed using the proposed T2HK setup.
